Abstract In this paper, we apply the modified Laplace decomposition method (MLDM) to obtain series solutions of the boundary layer equation. The technique is based on the application of Laplace transform to boundary layers in fluid mechanics. The nonlinear terms can be easily handled by the use of Adomian polynomials. The obtained series solution is combined with the diagonal Pade´approximants to handle the boundary condition at infinity. Comparison of the present solution is made with the existing solution and excellent agreement is noted.
Introduction
The study of laminar boundary layer flow of an incompressible fluid has several important engineering applications such as the aerodynamic extrusion of plastic sheets, the cooling of an infinite metallic plate in a cooling bath, the boundary layer along liquid film condensation process, glass and polymer industries. The pioneering work in this area was done by Sakiadis (1961a,b) . Since then, the characteristics of momentum and energy transfer over a flat plate have been extensively studied, both numerically and analytically, and similarity solutions for a large variety of boundary conditions were proposed, like for stretching walls (Crane, 1970; Banks, 1983; Magyari and Keller, 2000; Kuiken, 1981) , porous media (see Ingham and Pop, 2002; Nield and Bejan, 1999) , permeable surfaces (Magyari and Keller, 2000; Magyari et al., 2003) , etc. Although the numerical approach allows studying more complex boundary conditions, the importance of analytical solutions is undeniable and it is witnessed by the large amount of work performed, particularly in recent years, on this subject. Various kinds of solutions methods (Wazwaz, 1997 (Wazwaz, , 2006 Xu, 2007; Noor and Mohyud-Din, 2009; He, 2006 He, , 2003 Abbasbandy, 2007; Rashidi, 2009; Ganji et al., 2009; Fathizadeh and Rashidi, 2009 ) were used to handle the boundary layer problem. One of those solution methods is the Laplace decomposition method was proposed by Khuri (2001) and developed by Yusufoglu (2006) . A reliable modification of the Laplace decomposition algorithm has been done by Khan (2009) . Furthermore, the Laplace transformation method was also combined with the well-known homotopy perturbation method (Madani and Fathizadeh, 2010; Yildirim, 2010) , the variational iteration method (Hesameddini and Latifzadeh, 2009; He et al., 2010) and the Adomian decomposition method Islam et al., 2010; Wazwaz, 2010) to produce a highly effective technique for handling many nonlinear problems.
This technique basically illustrates how the Laplace transform can be used to approximate the solutions of the nonlinear differential equations by manipulating the decomposition method which was first introduced by Adomian (1994) . The method is very well suited to physical problems since it does not require unnecessary linearization, perturbation and other restrictive methods and assumptions which may change the problem being solved, sometimes seriously. The basic motivation of the present study is to extend our previous approach proposed in Khan (2009) to solve boundary layer problem on semi-infinite domain. The modified Laplace decomposition method is much easier to implement as compared with the Adomian decomposition method where huge complexities are involved. To the best of authors knowledge no attempt has been made to exploit this method to solve boundary layer equation on semi-infinite domain. Also our aim in this article is to compare the results with solutions to the existing ones (Wazwaz, 2006; Xu, 2007; Noor and Mohyud-Din, 2009 ).
Modified Laplace decomposition method
In order to elucidate the solution procedure of the modified Laplace decomposition method, we consider the following general form of 3rd order non-homogeneous nonlinear ordinary differential equation with initial conditions is given by
According to Laplace decomposition method (Khuri, 2001; Yusufoglu, 2006) , we apply Laplace transform (denoted throughout this paper by L) on both sides of Eq. (1):
Using the differentiation property of Laplace transform, we have
The Laplace decomposition method (Khuri, 2001; Yusufoglu, 2006 ) admits a solution in the form
The nonlinear term is decomposed as
where A m are Adomian polynomials of f 0 ; f 1 ; f 2 ; f 3 ; . . . ; f n and it can be calculated by the following formula
Using Eqs. (5) and (6) in Eq. (4) we get
Matching both sides of Eq. (8), we have the following relation;
In general the recursive relation is given by
Taking the inverse Laplace transform from both sides of Eqs. (9)- (11), one obtains
where HðxÞ represents the term arising from source term and prescribe initial condition. The modified Laplace decomposition method (Khan, 2009) suggests that the function HðxÞ defined above in (12) be decomposed into two parts, namely H 0 ðxÞ and H 1 ðxÞ. Such that
The initial solution is important, and the choice of Eq. (12) as the initial solution always leads to noise oscillation during the iteration procedure. Instead of the iteration procedure, Eqs. (12) and (13), we suggest the following modification
The solution through the modified Laplace decomposition method highly depends upon the choice of H 0 ðxÞ and H 1 ðxÞ. We will show how to suitably choose H 0 ðxÞ and H 1 ðxÞ by example.
Series solution for the boundary layer equation
In this section, we apply the modified Laplace decomposition method (MLDM) for solving boundary layer problem in an infinite domain. Let us consider the following nonlinear third order boundary layer problem which appears mostly in the mathematical modeling of physical phenomena in fluid mechanics (Wazwaz, 2006; Xu, 2007; Noor and MohyudDin, 2009) 
where f 00 ð0Þ ¼ a < 0, will be examined in this work. By applying the aforesaid method subject to the initial conditions, we have
The inverse of Laplace transform implies that
Following the technique, if we assume an infinite series solution of the form (5) we obtain
In the above equation A m ðgÞ and B m ðgÞ are the Adomian polynomials (Adomian, 1994 ) that represent the nonlinear terms. So Adomian polynomials are given below
The few components of the Adomian polynomials are given as follow 
Through the modified Laplace decomposition method (Khan, 2009 ) the function HðgÞ can be written as
By this consideration, we first set modified recursive relations in the form f 0 ðgÞ ¼ g;
Writing f 0 ðgÞ ¼ g in Eq. (25), the other components are
The series solution is given as
to zero, we get a polynomial equations in a which can be solved very easily by using the built in utilities in the most manipulation languages such as Maple and Mathematica.
Conclusion
The main aim of this work is to provide the series solution of the Boundary layer equation by using the modified Laplace decomposition method (MLDM). The new modification of Laplace decomposition method (LDM) is a powerful tool to search for solutions of various nonlinear problems. The method overcomes the difficulty in other methods because it is efficient. We derived the same results by combining the series, obtained by the modified Laplace decomposition method, with the diagonal Pade´approximants. The convergence of MLDM is also shown in Tables 1 and 2 . Comparison of the present solution is made with the existing solution (Wazwaz, 2006; Xu, 2007; Noor and Mohyud-Din, 2009 ). An excellent agreement between the present and existing solutions is achieved. The analysis given here further shows confidence on MLDM. The above tables clearly reveal that present solution method namely MLDM shows excellent agreement with the existing solutions in the literature (Wazwaz, 2006; Xu, 2007; Noor and Mohyud-Din, 2009 ). This analysis shows that MLDM suits for boundary layer flow problems.
